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1
SYSTEMS OF LINEAR
ALGEBRAIC EQUATIONS

1.1 LINEAR ALGEBRAIC EQUATIONS

1. (a) Solving the last equation for x4 yields x4 = 4/4 = 1. We substitute
this value of x4 into the third equation and solve for x3 to get

x3 + 2(1) = −1 ⇒ x3 = −3.

With these values of x3, the second equation becomes

3x2 + 2(−3) + (1) = 2 ⇒ 3x2 = 7 ⇒ x2 =
7
3

.

For x1, we substitute the values of x2 and x4 into the first equation.

2x1 +

(
7
3

)
− (1) = −2 ⇒ 2x1 = −10

3
⇒ x1 = −5

3
.

Therefore, the answer is: x1 = −5/3, x2 = 7/3, x3 = −3, and
x4 = 1.
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(b) Solving the first equation for x1, we obtain x1 = 3. We now
substitute this value of x1 into the second equation and solve for x2.

−2(3)− 3x2 = −12 ⇒ −3x2 = −6 ⇒ x2 = 2.

The third equation then becomes

(3) + (2) + x3 = 5 ⇒ x3 = 0.

Therefore, the answer is x1 = 3, x2 = 2, and x3 = 0.

(c) From the third equation, we immediately get x4 = 1. This value,
when substituted into the first equation, yields

−x3 + 2(1) = 1 ⇒ −x3 = −1 ⇒ x3 = 1.

From the fourth equation, we obtain

x2 + 2(1) + 3(1) = 5 ⇒ x2 = 0.

Finally, from the second equation, we conclude that

4x1 + 2(0) + (1) = −3 ⇒ x1 = −1.

So, the solution is x1 = −1, x2 = 0, x3 = 1, and x4 = 1.

(d) The third equation implies that x1 = 1. Then, the first equation
says

2(1) + x2 = 3 ⇒ x2 = 1.

We now substitute these values of x1 and x2 into the second
equation to get

3(1) + 2(1) + x3 = 6 ⇒ x3 = 1.

The solution to this problem is x1 = x2 = x3 = 1.

3. To eliminate x1 from the first and second equations, we subtract from
the first equation the third equation multiplied by 3 and subtract from



1.1 LINEAR ALGEBRAIC EQUATIONS 3

the second equation the third equation multiplied by 2, resp. Thus we
get an equivalent system

−x2 = −2
−9x2 −x3 = −16

x1 +3x2 +x3 = 3.

From the first equation, we get x2 = 2. Making the back substitutions
into the second and third equations yields

−9(2)− x3 = −16 ⇒ −x3 = 2 ⇒ x3 = −2

x1 + 3(2) + (−2) = 3 ⇒ x1 = −1.

The solution is x1 = −1, x2 = 2, and x3 = −2.

5. We eliminate x1 and x4 from the first and the the last equations by
subtracting from them the second equation. We also eliminate x1 from
the third equation by subtracting from it twice the second equation.
The new system is

x2 +x3 = 1
x1 +x4 = 0

2x2 −x3 −x4 = 6
2x2 −x3 = 0

Next, we eliminate x2 from the third and fourth by subtracting from
them the first equation multiplied by 2. This gives

x2 +x3 = 1
x1 +x4 = 0

−3x3 −x4 = 4
−3x3 = −2

We now can go with the back substitution. The last equation gives
x3 = 2/3. With this value, we find x1 and x4 from the first and third
equations, resp.
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x2 +

(
2
3

)
= 1 ⇒ x2 =

1
3

−3

(
2
3

)
− x4 = 4 ⇒ −x4 = 6 ⇒ x4 = −6.

Finally, the second equation says x1 = −x4 = 6. so, the answer is
x1 = 6, x2 = 1/3, x3 = 2/3, and x4 = −6.

7. To eliminate x1 from the second equation, we multiply the first
equation by 0.987/0.123 and subtract the result from the second one.
Thus, we get

0.123x1 +0.456x2 = 0.789
−3.005x2 = −6.010

From the second equation, we get x2 = (−6.010)/(−3.005) = 2.000.
Substituting this value into the first equation, we get

0.123x1 + 0.456(2) = 0.789 ⇒ 0.123x1 = −0.123

⇒ x1 = −1.000

The solution, rounded to three decimal places, is x1 = −1.000, x2 =

2.000. The number of arithmetic operations required is 3 divisions, 3
multiplications, and 3 additions.

9. Following the notations in Problem 8, the coefficients in Problem 7
are

a = 0.123, b = 0.456, c = 0.789,

d = 0.987, e = 0.654, f = 0.321.

Applying the formulas given in Problem 8, we obtain

x =
(0.789)(0.654)− (0.456)(0.321)
(0.123)(0.654)− (0.456)(0.987)

= −1.000;

y =
(0.123)(0.321)− (0.789)(0.987)
(0.123)(0.654)− (0.456)(0.987)

= 2.000.

The number of arithmetic operations required is 2 divisions, 6 multi-
plications, and 6 additions.
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11. To eliminate x1 from the second equation, we subtract from it the first
equation multiplied by 0.987/0.123. Similarly, we eliminate x1 from
the third equation using the factor of 0.333/0.123, and obtain

0.123x1 +0.456x2 +0.789x3 = 0.111
−3.005x2 −6.010x3 = −0.446
−1.790x2 −2.913x3 = 0.587

We subtract from the third equation the second one multiplied by
(1.790/3.005):

0.123x1 +0.456x2 +0.789x3 = 0.111
−3.005x2 −6.010x3 = −0.446

0.667x3 = 0.853

Going from the third equation up, using the back substitution we find
that

x3 =
0.853
0.667

= 1.279;

x2 =
−0.446 + 6.010(1.279)

−3.005
= −2.410;

x1 =
0.111 − 0.456(−2.410)− 0.789(1.279)

0.123
= 1.633.

The number of arithmetic operations required is 6 divisions, 11 multi-
plications, and 11 additions.

13. (a) From the third equation we find that x3 = 5.16/1.42 ≈ 3.6338
(rounded to four decimal places). Substituting this value into the
second equation, we get

x2 =
1.11 − 1.34(3.6338)

2.73
≈ −1.3770

Finally, we use the values of x2 and x3 to find x1 from the first
equation.

x1 =
−4.22 − 7.29(−1.3770) + 3.21(3.6338)

1.23
≈ 14.2137.


